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The z parameter of oxygen in A1PO 4 has been determined, using a Fourier projection on the c axis. 
The intensity of 0003 is shown to be almost exclusively due to the contributions of the oxygen 
atoms, and hence the contributions of the A1 and P atoms cancel each other; this proves that 
ions A1 n+ and p(n+~.)+ (probably n = 3) are present. It is also shown how the Banerjee method can 
be used for the calculation of the z parameters directly from the F values. 

Introduction 
The close crystallographic relation between ALP04 and 
SiO~ might easily be understood as implying that  
A1PO a can be derived from SiO~. by replacing one half 
of the silicon atoms by  A1 and the other half by P. 
Since the essential properties are very nearly the same 
in both substances (crystal structure, polymorphism, 
melting point and mechanical behavior) one could 
expect that  in the structure of ALP04 the aluminum 
and phosphorus atoms are randomly distributed over 
the Si positions in SiO~. But this, certainly, is not the 
case. The fact that  in the quartz modification of ALP04 
the c axis is twice as long as the c axis in quartz indi- 
cates that  we have an alternating sequence of planes, 
perpendicular to the c axis, occupied by A1 and P 
atoms respectively. 

If the z coordinates of the oxygen atoms were given 
by one parameter only (z and z+ 61), oxygen would not 
contribute to the intensi ty  of 0003; i.e. this reflection 
should only be generated by the difference between 
the scattering power of A1 and P. Hence, an absolute 
measurement of the intensi ty of the 0003 reflection 
would directly indicate the state of charge of A1 and P. 
This consideration led us to measure the absolute 
intensity of 0003 (Brill & deBretteville, 1948). The 
corresponding F value came out to be F0003 = 12.8. 
This value is much too high. Assuming that  the two 
atoms are as different as possible, i.e. that  P has 
three negative charges and A1 three positive ones, the 
difference in scattering power of these two ions is 
only of the order of 2, so that  the maximum intensity 
scattered by the three molecules of one cell could be 
only 3 × 2, i.e. about half the observed value. One has 
to assume, therefore, tha t  the distances between O 
and A1 differ from those between P and O. In the 
following, the z parameters of the oxygen atoms are 
determined and the values are used for a discussion 
of the structure factor of 0003. Our experiments show 
that  the intensity of 0003 is almost completely caused 

by the oxygen atoms. Hence the contributions of A1 
and P practically cancel each other. This is in agree- 
ment with the assumption that  the ionic bond type 
prevails in ALP04. 

Experimental procedure 
The absolute intensities of the ALP04 basal plane 
reflections of Mo Ka radiation were measured, using 
a combination two-circle goniometer and X-ray spec- 
trometer (Baron & deBretteville, 1950), and a rectified 
d.c. power supply for the X-ray tube. 

Monochromatic X-radiation was obtained from the 
002 reflection of a pentaerythritol  crystal grown by the 
Harshaw Chemical Company. 

Before each measurement, the A1PO 4 crystal was 
adjusted so that  the output intensity remained 
constant to ± 10 % as the crystal was rotated 360 ° in 
the plane of reflection. This can be achieved only if 
the reflecting atomic planes are oriented correctly 
within 1 min. of arc. 

In  order to measure the intensity of reflection, the 
Geiger counter was set at the calculated Bragg angle 
20, and the intensity was taken point by point by 
moving the crystal through the maximum. At each 
setting the time for 10,000 counts was recorded. For 
the region where the intensity changes slowly and is 
near the background, the points were taken at 0.5 ° 
intervals, while near the Bragg angle measurements 
were taken at 0-05 ° intervals. The measured values of 
each order of reflection were then plotted and the area 
above the background was integrated by means of a 
planimeter. Recordings were also made of the primary 
beam after diminishing its intensity by absorption on 
nickel foils in a defined way. Absolute values of Q/2# 
were then calculated in the usual way; the results are 
shown in Table 1. The Geiger counter was a No. 62019 
mica-window (3.5 mg.cm. -2) N. A. Philips type. Pre- 
cautions were taken not to exceed 500 counts/sec, so as 
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to keep the  counting ra te  below the  sa tura t ion  point  
of the  Geiger counter.  This was accomplished by  the  
use of a count-ra te  meter  for which full-scale reading 
was approx imate ly  500 counts/sec. A plot was also 
made  of the  number  of foils (approximate ly  0-0003 in. 
nickel foil) against  counts/sec, on semi-log paper .  The 
absorpt ion cons tant  of the foils was calculated f rom the  
slope of the  s t ra ight  line of this plot. 

No correction was made  for secondary ext inct ion of 
A1PO4 because of the  weak intensi ty  of reflection. In  
fact,  no reflections (00l) appear  on an ordinary  Debye  
powder  film because of their  low intensi ty.  

The crystals  were grown by  Mr Joseph M. Stanley  
of the  Frequency  Control Branch,  Squier Signal 
Labora tory ,  by  means  of the  hydro the rma l  me thod  
with a luminum phosphate  in phosphoric acid solution. 
The crystals  are electrically twinned (Dauphin6 
twinning),  bu t  are not  optically twinned (Brazil 
twinning).  

The lat t ice constants  of these crystals  were measured  
with  Cu K ~  radia t ion  on a Weissenberg camera.  The 
constants  were found to be in substant ia l  agreement  
with those of Hut ten locher  (1935). We found 

a = 4.97, c -- 10.84 A 

with three molecules per  uni t  cell. The crystal  used 
for the  spectrometer  measurement  was a f lat  hexagonal  
plate,  cut  perpendicular  to the  c axis, about  3.4 in. 
across the  greates t  diameter .  

R e s u l t s  

The exper imenta l ly  determined s t ructure  factors  are 
given in Table 1. 

Determination of oxygen parameters by Fourier methods 
For  the  de terminat ion  of the  oxygen paramete rs  a 

projection on the  c axis was made.  Some of the  signs 
of the  Fourier  coefficients can be determined by  the  
following considerations:  According to the  space group 
the  z coordinates of A1 are 0, ½, ~ and  for phosphorus 
~, ½, ~. Thus, the  6th order certainly will have  a 
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Table 1. Experimentally determined structure 
amplitudes 

000/ Q/2lz × 105 Fooz 
0003 2.03 12-8 
0006 2.09 19.5 
0009 0.009 1.6 

0,0,0,12 1.65 19.7 
0,0,0,15 0.071 4.2 
0,0,0,18 1-14 18-9 
0,0,0,21 0.150 7-3 
0,0,0,24 0.121 6.3 

positive sign. The 3rd order could be t aken  either 
positive or negative.  But ,  if A1 is supposed to be a t  
z -- 0 the  negat ive  sign should be chosen so t h a t  the  
electron densi ty  a t  z - - 0  is a little lower t h a n  a t  
z -- ~. The 12th order also should be positive because 
it will roughly determine the  position of the  oxygen 
layers wi th  their  center of g rav i ty  in the  middle be- 
tween the  phosphorus and  a luminum layers.  The 18th 
order then  obviously splits the  accumulat ion of elec- 
t rons caused by  the  12th order in two. Therefore, it  
also has to be positive. As far  as the  24th order is 
concerned it can be shown from the  numerical  calcula- 
t ion of its F value tha t ,  if a negat ive  sign has  to be 
assigned to it, [Fo,o,o,241 cannot  be larger t h a n  1-3. The 
observed value is 6.3. Hence, also the  24th order has 
to be positive. Wi th  these signs, and using exclusively 
the  orders for which the  signs could be fixed by  these 
considerations, a Fourier  summat ion  was carried out 
leading to the  paramete rs  z - - 0 . 0 5 9  and  z ' - -0 .052 .  
The z pa ramete rs  of the  oxygen a toms are given by  the  
space group as follows: 

~ +~ e +~ 
z'+] z'+½ z'+~ 
e'+~ ~'+~ ~'+½ 

The F values calculated with the  pre l iminary  values 
for z and z' are given in column (2) of Table 2. 

F rom the table  it  can be seen t h a t  the agreement  
between calculated and observed values is fair. The 
calculation uniquely assigns to the  21st order the  
negat ive sign. As far  as the  9th and 15th orders are 

( 1 )  ( 2 )  ( 3 )  

z 0.059 0.069 
z' 0,052 0,049 

l =  3 -- 5.5 --14.9 
6 25-8 22.1 
9 -- 0-9 0.2 

12 21.9 28.6 
15 0.7 7.0 
18 37-3 27.8 
21 -- 8.5 -- 18.3 
24 6"5 11.8 

Table 2. Calculated and observed F values 

(4) (5) (6) (7) (8) (9) (10) 
0.069 0.068 0.067 0.068 0.068 0.066 0.066 
0.049 0,051 0.051 0.050 0.048 0.048 0,050 

(11) 

Fo 
--14-9 --12.6 --11.9 --13.3 --14.5 --13.0 --11-8 12.8 

20.1 18.9 19.4 19.8 21.5 22.5 20-8 19-5 
0.1 0 -- 0.2 -- 0.2 -- 0.7 -- 1.7 -- 1-1 1.6 

23-9 24.1 23.5 24.2 23.0 21-0 22-5 19-7 
3.1 2.1 2.1 2.7 3.7 3.7 2.7 4.2 

16.5 17.4 17.9 17.2 16.6 17.5 18.1 18.9 
- -  7 . 0  - -  6 " 6  - -  6 . 4  - -  6 - 7  - -  6 - 9  - -  6 . 4  - -  6.3 7-3 

5.6 4.8 4.7 5.1 5.6 5.3 4.8 6"3 

0.143 0.140 0.131 0.130 0.131 0-093 

Individual temperature correction has been applied to columns (4)-(10). 

0.115 
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concerned the  calculated F values are so small  t ha t  a 
unique ass ignment  of the sign cannot  be achieved. 
In  the  nex t  approximat ion  another  Fourier  summat ion  
was performed using the signs of the F values in 
column (2) of Table 2. This summat ion  gives the para- 
meter  z = 0.069 and  z' = 0.049. A calculation of the 
structure factor with these parameters  gives the values 
in column (3) of Table 2. Considering the fact  t ha t  the 
tempera ture  factor will lower the  higher  orders, the  
agreement  between observed and calculated values is 
improved.  The ~' values show tha t  the sign of the 15th 
order is p robably  positive and  tha t  also the sign of the 
9th order could be positive. 

At  this  stage Fourier  difference analyses were car- 
ried out for the  oxygen atoms alone.* The combina- 
tions of signs used are given in Table 3. 

Table 3. Signs used in difference synthesis 
l (1) (2) (3) (4) (5) (6) 

3 . . . . . .  

6 + + + + + + 
9 + - -  - -  - -  + + 

12 + + + + + + 
15 + + - -  - -  - -  + 
18 + + + + + + 
21 - -  - -  - -  + -4- -4- 
24 + + + + + + 

z 0.067 0 .066 0.066 0.055 0.055 0.059 
z" 0.053 0-053 0.054 0.067 0.066 0.067 

The difference analyses showed tha t  the two oxygen 
m a x i m a  have the same or almost  the  same height  
only for the combinat ion (1) and (3) and equal  values 
at z = 0 and z = ~ only for combinat ion (1). Since 
also the F values, calculated by  combinat ion (3), 
agreed s l ight ly less well with the exper imenta l  values, 
combinat ion (1) was taken  to be the r ight  one. A 
Fourier  calculation with these signs gave the result  
d rawn in Fig. 1. The positions of the oxygen m a x i m a  
are at z = 0.070 and ~ - z '  = 0.118, which corresponds 
to z' = 0.049. The shift  of the m a x i m u m  with respect 
to the difference analysis  (Table 3) is obviously caused 
by overlapping. I t  jus t  indicates tha t  overlapping is a 
serious source of error in one-dimensional syntheses. 
Hence the only criterion for the r ight  choice of z and z' 
is the agreement  between calculated and exper imenta l  
F values. Results  of these calculations are given in 
Table 2. 

The calculations were carried out with the atomic 
scattering factors of the International Tables for A1 a+ 
and ps+, whereas for 02-  the exper imenta l  values 
were used which were determined by  Brill, H e r m a n n  
& Peters (1948) on MgO. The tempera ture  correction 
was carried out in the following way. By  tr ial  

* Since  o n l y  F000a is i n f l u e n c e d  b y  t he  a m o u n t  of c h a r g e  
of A1 a n d  P ,  i t  is i r r e l e v a n t  w h e t h e r  t h e o r e t i c a l  a t o m i c  sca t -  
t e r i n g  f a c t o r s  fo r  c h a r g e d  or  u n c h a r g e d  a t o m s  a re  u s e d  fo r  
t he  d i f f e r ence  syn thes i s .  

i t  was found tha t  a mean  tempera ture  factor 

exp [ - M  (sin 0//~)s], with M = 0.91 (0  = 440°), cor- 
rected the  calculated values in a reasonable way. A 
fur ther  improvement  was obtained by  a t t r ibut ing  in- 
dividual  tempera ture  factors to the different atomic 
species. These individual  tempera ture  factors were 
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Fig .  1. V a r i a t i o n  of t h e  e l e c t r o n  d e n s i t y  p r o j e c t e d  on  t h e  
c axis .  

obtained b y  replacing, in the expression for M, the 
average atomic mass by  the masses of the indiv idual  
atoms, i.e. the  following relat ion was used: Mx = 

M(m/mx), where Mx means  the tempera ture  factor for 
the species x, ~ the mean  mass of one atom (=  mass 
of the molecule /number  of atoms) and  m~ the mass of 
a tom x. (Hence Mxl = 0.685, Mp = 0-597, M e  = 
1.157.) 

F rom Table 2 it  can be seen tha t  the best agree- 
ment  between observed and calculated 2' values is 
obtained for z = 0.066, z' = 0.048. Other combina- 
tions than  those given in the table  were tr ied also, bu t  
wi thout  success. The stil l-present deviat ions from the 
exper imenta l  values are ascribed to errors in the 
measurements ,  inaccuracy of the scat tering factors 
used for the calculations, and to the method  of tem- 
perature  correction. 

As far as the question of bond type is concerned, its 
influence on 0003 should be greatest  because the A1 
and P atoms contr ibute with opposite phases. We have 

Fooo3 = 3{fAl--fp+2fo (COS 2~(3Z) +COS 2~(3Z'+½))}. 

Wi th  fo = 7.1, z = 0.066, z' = 0.048 one obtains 

Fooo3 = 3{fAl-fp} + 12"63 . 

Since the observed value is F0003 = 12.8, the difference 
f ~ - f o  is pract ical ly  zero. This indicates tha t  both 

A C 8  39 
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a toms have  almost  the  same scat ter ing factor  for 0003, 
which is the  case only if the  phosphorus a tom has two 
more positive charges t h a n  the  a luminum.  I t  is there- 
fore most  probable  t h a t  A13+ and  ps+ ions are present.  

Determinat ion of  oxygen parameters by the Banerjee 
relation 

I t  might  be of interest  to show, also, how in this 
case the  Banerjee relat ion can be used for a direct 
calculation of the  paramete rs  z and  z' f rom the  ob- 
served intensities. According to Banerjee there exists 
a linear relat ion between the  un i t a ry  s t ruc ture  factors 

N 

u =  ~'/.IA: 
1 

Uh, t:,~+~v+alUh,~,z+~v_x+.. • +a~vUh,k,z = 0 .  (1) 

The coefficients a~ axe defined by  the  basic relation 

N N z¥ 
_ ~ ^ j + z r . , ,  ~ , , , t+~- l±  +a~rZ, 9,~ = 0; (2) 

1 1 1 

N is the  number  of a toms  per  cell and  9 , ,=exp  [ - 2 g i z , ] ,  
with z,  the  z coordinate of the  n th  a tom.  

For  simplification in this case a cell wi th  c ' =  ½c 
can be used with l' = l/3. With  respect to this cell, 
which contains 1 molecule, the  z coordinates of the  
a toms and  the  corresponding 7-values axe listed in 
Table 4. 

Table 4. Parameters  and phase factors in  new cell 

Atom z parameter 7 
A1 0 71 = 1 
P ½ 72 = - -  1 
0 z 7a = exp [--2rdz]~ 
0 z" 74 = exp [2~tiz] j 7a74 = 1 
0 z' + ½ 75 = -- exp [-- 2~dz'] 
0 2 '+ ½ 76 = --exp [2~iz'] J" 7r, Ye = 

With  N = 6 and  the  above 9' values we have,  from 
(1), 

Ur +6-  Ul,-l-al ( Ut,+5- Ul,+ l) q-a2 ( Ut,+a- Ul,+2) = O . (3 )  

Equa t ion  (2) gives" 

a l  = - - ~ 3 - - ~ 4 - - 7 5 - - 9 , 6  = / 
2 (cos 2z tz ' - eos  2z~z) = - a 6 ,  / a~. = 1 + 9,a9,5 +9,a9,e +7475 +9,47e = (4) 

1 - 2  (cos 2z~(z+z') +cos  2zt (z-z ' ) )  = - a 4 ,  
a 3 = 0 • 

From the observed F values t he  values for Ut shown 
in Table 5 were calculated. 

Table 5. Values of  the un i tary  structure ampl i tude Uz 

1 3 6 9 12 15 18 21 24 
l' 1 2 3 4 5 6 7 8 
Uz 0.091 0.194 0.022 0.353 0-094 0.488 0.219 0.233 
Sign - + - + + + - + 

The signs chosen are those of t he  calculated intensities 
for the  best agreement  be tween calculated and  ob- 
served values. Applying (3) to t he  orders wi th  l '  = 1 
and  l' = 2 one obtains:  

a 1 = 0-349, a 2 = 0-220.  

Two convenient values for z and  z' calculated f rom (4) 
are, referred to the  large e l emen ta ry  cell, 0.064 and  
0.053, in good agreement  wi th  the  values derived 
above. 

We t h a n k  Mr Rober t  Lefker  ve ry  much  for his 
valuable  help in performing the  measurements .  
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